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Abstract 
The study analyses the self-exciting (clustering) and cross-exciting (contagion) effects in the 13 year long time series of 4 major 
currency exchange rates, namely: EUR/USD, GBP/USD, USD/CHF and USD/JPY. The analysis is performed by applying the 
univariate and multivariate Hawkes processes to the time series of jumps identified non-parametrically using power-variation 
estimators calculated from high-frequency returns (15 minute frequency is used). The study finds strong evidence of a 
statistically significant self-exciting behavior in all of the analyzed time series of "large jumps". For the series containing even 
the "small jumps" the self-exciting tendencies remain significant only for the USD/CHF and USD/JPY rates. The study further 
finds evidence of a limited cross-exciting behavior, with significant relationships between jumps in USD/JPY and the future 
jump intensity in USD/CHF, as well as between jumps in USD/CHF and the future jump intensity of EUR/USD. 
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1. Introduction 
Numerous studies have shown that in order to realistically model the asset price behavior it is necessary to 
decompose the overall price variability into two components - the continuous price volatility and the discontinuous 
price jumps. The main reason for this is that the two components exhibit radically different dynamics and they 
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differently affect the tails of the expected return distribution at different horizons. This has important implications in 
many areas of finance, mainly in option pricing (Fulop, Li and Yu 2014), VaR calculation (Witzany 2013) and 
volatility forecasting (Andersen et al. 2007, Corsi et al. 2010). In addition to that it has been shown that the market 
participants do evaluate (and price) the continuous and discontinuous components of the overall market risk 
differently, as can be seen for example from the behavior of the volatility risk premium (Todorov 2009 or Chen and 
Poon 2013). 
In comparison to the amount of research devoted to the continuous volatility component, a much smaller amount 
of research has been done in the area of jump modelling, which seems to be much more elusive, as the jumps appear 
only infrequently on the market and it is difficult to distinguish them from the continuous variance. Most commonly 
used econometric models and option pricing formulas do therefore either ignore the jumps altogether or they model 
them simplistically using a Poisson process with independent jump occurrences and sizes, avoiding thus any 
estimation issues concerning their properties. This is however in a contradiction with the empirically observed 
dynamics of the jump component which includes size dependencies (Corsi et al. 2010) as well as clustering effects 
and contagion-like spreading between the markets (Ait-Sahalia et al. 2014). 
In order to model the jump clustering and contagion, Ait-Sahalia et al. (2014) replaced the Poisson process with a 
Hawkes process in which the jumps exhibit a self-exciting behavior, which means that a jump occurrence increases 
temporarily the probability of subsequent jumps, thus creating the empirically observed jump clustering. In the 
multivariate setting the jumps can also be cross-exciting, which means that a jump on a single market temporarily 
increases not only the probability of future jumps on the same market, but on the other markets as well, thus creating 
the contagion effects. After the seminal paper of Ait-Sahalia et al. (2014) several future studies applied the 
methodology to problems ranging from options pricing (Fulop, Li and Yu 2014) to volatility risk premium modelling 
(Chen and Poon 2013). 
Nevertheless, up until now all of the studies applied the Hawkes processes to the jumps identified from the asset 
returns on the daily frequency. This is problematic due to several reasons. Firstly, it is very difficult to distinguish 
jumps from the continuous volatility on the daily frequency as they have to be large enough. This usually leads to 
only a few jumps being identified in the observed time series, causing estimation problems due to a too small 
number of observations. More importantly, as has been shown in (Fiþura and Witzany 2014), the jumps identified on 
the daily frequency do not usually correspond to the discontinuous price changes (observed on higher frequencies) at 
all, but are merely large returns caused by the continuous volatility component (possibly in conjunction with jumps 
in volatility or some other phenomenon). 
Because of the problems mentioned above we want to present here a different approach to jump clustering and 
contagion modelling by applying the multivariate Hawkes process to the jumps identified non-parametrically using 
high-frequency returns and the asymptotic theory of power variations (Barndorff-Nielsen and Shephard 2004), 
which is an approach that has been successfully applied until now mainly in the area of jumps estimation for the 
purpose of volatility forecasting (Andersen et al. 2007, Corsi et al. 2010). 
More specifically we identify the jumps through the so called shrinkage estimator (Andersen et al. 2007), utilizing 
realized variance for the estimation of the quadratic variation of the price process, realized bipower-variation for the 
estimation of the integrated variance, and realized tripower quarticity for the estimation of the integrated quarticity. 
These are then used for the estimation of the statistically significant jumps through the shrinkage estimator. To the 
non-parametrically identified jump time series we then apply the univariate and multivariate Hawkess processes in 
order to study their self-exciting and cross-exciting properties. 
The empirical analysis is performed on almost 13 years long time series (ranging from 2.1.2002 to 10.10.2014) of 
the 4 major currency exchange rates, namely EUR/USD, GBP/USD, USD/CHF and USD/JPY. The discretized 
Hawkess processes are applied to the jump time series estimated for the daily frequency, using the power-variation 
estimators calculated from the 15 minute frequency returns. 
The rest of the paper is organized as follows. In chapter 2 we describe the methodology of jump estimation using 
high-frequency returns and the power-variation estimators. In chapter 3 we describe the methodology of the 
Hawkess processes and their estimation. In chapter 4 we apply the proposed methodology to the estimated jump time 
series of the 4 foreign exchange rates, and in chapter 5 we conclude briefly the main results. 
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2. Methodology of the non-parametric jump estimation 
The applied methodology of the jump estimation is non-parametric and model-free, meaning that it does not 
assume any concrete process for the price behavior and should theoretically be valid for a wide range of possible 
asset price processes. It is based on the newly developed asymptotic theory of power-variations of stochastic 
processes (Barndorff-Nielsen and Shephard 2004) and it employs mainly the methods developed in Andersen et al. 
(2007). 
For the purpose of the exposition of the models we will assume that the logarithmic price of the analyzed asset 
(exchange rate) follows a general stochastic-volatility jump-diffusion process defined by the following stochastic 
differential equation: 
           tdqtj+tdWtı+dttȝ=tdp ,   (1) 
where  tp  is the logarithm of the asset price,  tȝ  is the instantaneous drift rate,  tı  is the instantaneous 
volatility,  tW  is a Wiener process,  tj  is a process determining the jumps sizes and  tq  is a counting process 
whose differential determines the times of the jump occurrences. All of the variables  tȝ ,  tı ,  tj  and  tq  are 
unobservable and in the general form may follow their own stochastic processes. 
We will further omit the impact of the potentially stochastic drift rate  tȝ . The logarithmic return over a given 
time period ranging from 1t  and t  can then be expressed as: 








1  , (2) 
where      > @1=tqItj=tț ,  .I  is the indicator function and the sum of  tț  in the last term of the equation 
measures the aggregated impact of jumps during the period from 1t  to t . 
The total variability of the stochastic process during the period between 1t  and t  can then be expressed using 
its quadratic variation in the following form: 








2 ,  (3) 
where the first term represents the overall impact of the continuous price variability and it is called integrated 
variance, while the second term represents the overall impact of the discontinuous price variability and it is called 
jump variance. So we can write: 
     tJV+tIV=tQV ,  (4) 
where  tIV  is the integrated variance and  tJV  is the jump variance. 
Both of the quadratic variance components,  tIV  and  tJV , are unobservable and they have to be estimated. 
This can be done either by using the Bayesian estimation methods, usually from daily returns, or, if the high-
frequency returns are available, it is possible to use the power-variation estimators and estimate both of the 
components non-parametrically. 
The main idea of the non-parametric approach is based on the fact that it is possible to construct estimators that 
should theoretically converge (with increasing frequency used for their calculation) either to the quadratic variance 
or to the one of its components. 
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The most well-known of these estimators, converging to the quadratic variation, is the realized variance, which is 
defined, for a given frequency, as the sum of the squared returns on some higher frequency (Andersen and 
Bollerslev 1998). In order to get a consistent and unbiased estimate of the quadratic variation on the daily frequency 
we can thus calculate the squares of all of the 15 minute returns during the given day and sum them all together. 
Generally, if we denote  't,r  as the logarithmic return between  't  and  t , the realized variance can be defined 
as follows: 







,j+tr=t,RV ,  (5) 
and as long as the returns are uncorrelated it should hold that    tQVt,RV 䊻'  as 0䊻'  and the  't,RV  
estimator should provide an unbiased and consistent estimate of  tQV . 
Nevertheless, in practical applications the estimator may be biased, as on the ultra-high frequencies (tick, minute, 
etc.) the returns are correlated due to the microstructure noise effects (discreteness of the price grid, bid ask bounce, 
etc.) and it is thus recommended (Andersen et al. 2007) to either use more advanced  tQV  estimators or to 
calculate the estimator on the slightly lower frequencies at which no statistically significant autocorrelations are 
present (therefore we use the 15 minute frequency in our application). 
In order to decompose the estimated quadratic variation into the integrated variance and jump variance, it is 
necessary to estimate at least one of these components and the second one can then be calculated by using the 
relationship (4). 
For the purpose of integrated variance estimation it is possible to use the realized bipower variation, which 
converges, with increasing return frequency used in the computation, to the integrated variance. The realized 
bipower variation is defined as follows: 







,j+tr,j+trʌ=t,BV , (6) 
and it holds that    tIVt,BV 䊻'  as 0䊻' . 
The jump variance can then be easily estimated as: 
     ''' t,BVt,RV=t,RJV ,  (7) 
where  't,RJV  is called realized jump variance and    tJVt,RJV 䊻'  as 0䊻' . 
As it is never possible to sample returns at an arbitrarily high frequency, there is always some estimation noise 
present in the values of  't,RJV , which causes its values to be non-zero on almost every day, indicating that the 
jumps occur daily. Furthermore the noise may even cause the values of the estimator to be negative, which lacks any 
econometric interpretation as the  tJV  value can never be negative. In order to distinguish which values of the 
 't,RJV  estimator do represent real jumps and which ones are different from zero only due to the estimation 
noise, it is possible to use the so called shrinkage estimator for the jump contribution. 
The idea of the shrinkage estimator is that appropriately normalized differences between the realized variance 
and the bipower variation should - in the absence of jumps - asymptotically converge to the standard normal 
distribution. Large values of the normalized  't,RJV  are thus indicating that a possible jump occurred during the 
given day. 
In order to perform the normalization it is necessary to introduce the integrated quarticity: 
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4 ,  (8) 
which can be consistently estimated (even in the presence of jumps) by using the realized tripower quarticity: 

















j+tr,j+tr,j+trīʌ=t,TQ , (9) 
as it holds that    tIQt,TQ 䊻'  as 0䊻' . 
Using  't,RV ,  't,BV  and  't,TQ  it is then possible to define the so called  't,Z  statistic which 
asymptotically follows a standard normal distribution as long as the underlying process does not contain jumps. The 
 't,Z  statistics is defined as follows: 
     > @  







t,RVt,BVt,RV=t,Z . (10) 
Large values of  't,Z  are thus indicating that a possible jump occurred during the given day and the 
statistically significant jumps on a probability level Į  can be identified as follows: 
     ^ `    > @''''  t,BVt,RVĮĭ>t,ZI=t,EJV 1 , (11) 
where ^.`I  denotes the indicator function and   1Įĭ  is the quantile function of the standard normal 
distribution. Since the sum of the jump estimator and the integrated variance estimator should be equal to the 
realized variance (representing the estimate of the quadratic variation), it is necessary to re-estimate the integrated 
variance as follows: 
       ^ `    > @'''''  t,BVt,RVĮĭ>t,ZIt,RV=t,EIV 1 . (12) 
3. Methodology of jump clustering and contagion modeling 
In order to model the jump clustering and the jump contagion we use the univariate and multivariate Hawkes 
processes applied to the time series of jump occurrences identified using the non-parametric approach described in 
section 2. 
The Hawkes process is a point process for which the intensity of jumps  tȜ , defined by the relationship 
 > @  dttȜ==tdqPr 1 , depends on the past jump occurrences. More specifically - every time a jump occurs, the 
intensity of the jump process increases by a fixed amount, and then, as the time passes, it decays exponentially back, 
to its long-term level. 
In the univariate case the intensity process increases only in a response to the jumps in the given asset (i.e. the 
jumps are self-exciting), while in the multivariate case it can also increase in a response to the jumps in some other 
assets (i.e. the jumps are cross-exciting). 
At first we will focus on the univariate case. The jump intensity in a univariate Hawkes process follows the 
following differential equation: 
   > @  tȟdq+dttȜșț=tdȜ  ,  (13) 
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where ș  is the long-term jump intensity, ț  determines the rate of the exponential decay of the jump intensity 
towards its long-term level ș  and ȟ  measures the immediate increase in jump intensity after a jump occurrence 
(i.e. when   1=tdq ). 
By solving the differential equation (13) we can express the value of the jump intensity  tȜ  for any given point 
in time t  as: 











In order to estimate the parameters of the model by using maximum likelihood estimation, it is necessary to 
convert it from the continuous time setting into the discrete time setting. For this purpose we use the Euler 
discretization with the assumption that at most 1 jump can happen during any given day (i.e. the probability of more 
than one jump in one day is zero). 
After the previous assumption is made, it is possible to use the values of the  't,EJV  estimator from equation 
(11) to identify the days at which single jumps occurred and then analyze if the jumps are self-exciting using the 
Hawkes processes. 
The discrete version of the jump intensity process can be written as: 
     11  tȖQ+tȕȜ+Į=tȜ ,  (15) 
where  tȜ  is the jump intensity at day t ,  Ȗȕș=Į 1  determines the long-term jump intensity ș , ȕ  is the 
rate of the exponential decay of the jump intensity to its long-term level ș , and Ȗ  is the increase of intensity in the 
day following a jump occurrence. The jump occurrence in day 1t  denoted as  1tQ  will in our case be equal to 
1 if and only if   01, >tEJV '  and it will be equal to 0 otherwise. 
The parameters of the discretized Hawkes process can be estimated using the numerical maximization of the 









11 ,  (16) 
or (due to numerical reasons) it is better to use the log-likelihood: 





1ln1ln   (17) 
Next we will focus our attention on the multivariate Hawkes process which can be used for the modeling of the 
cross-exciting effects between different jump processes. Specifically - a jump in one of the exchange rates may 
increase not only the jump intensity for the given exchange rate (i.e. self-excitation), but for the other exchange rates 
as well (cross-excitation), thus creating a jump-contagion. 
Assuming a set of n  assets whose jumps exhibit cross-exciting behavior, we can write the continuous version of 
the Hawkes process governing the jump intensity of asset i  as follows: 





,  (18) 
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where  tȜi  is the intensity process of the asset i , iș  determines the long-term jump intensity of the asset, iț  
determines the rate of its exponential decay towards iș  and the ji,ȟ  parameters are the cross-exciting parameters 
determining how much the jump intensity of the asset i  increases as a response to a jump in the asset j . 
After the Euler discretization, the intensity process for the asset i  becomes as follows: 





11 ,  (19) 
where iĮ  determines the long-term jump intensity, iȕ  is the autoregressive parameter of the intensity process 
and the parameters ji,Ȗ  determine the amount by which the jump intensity  tȜi  increases as a reaction to the 
lagged jumps  1tQ j  in the processes n,…=j 1,2, . 
Using a vector form of the previous equation it is possible to express the intensity processes of the n  assets as 
follows: 
     11  t+t+=t īQǺȜĮȜ ,  (20) 
where  tȜ  is a vector of the jump intensities at time t ,  șīǺ1Į =  is a vector of the parameters 
determining the long-term jump intensities ș , Ǻ  is a diagonal matrix whose diagonal elements determine the rates 
of the exponential decay of the jump intensities,  1tQ  is a vector of the jump occurrences at time 1t , and ī  
is a matrix whose diagonal elements contain the self-exciting parameters of the jump processes, while the non-
diagonal elements contain the cross-exciting parameters of the jump processes. 
The log-likelihood function of the multivariate Hawkes process has the following form: 







1ln1ln  . (21) 
4. Empirical research 
The methodology described in the previous section was applied to the jump time series of the 4 major currency 
exchange rates, namely EUR/USD, GBP/USD, USD/CHF and USD/JPY, in order to find out if the jumps in these 
exchange rates do exhibit any self-exciting and cross-exciting behavior. The analysis was performed on an almost 
13 year history ranging from 2.1.2002 to 10.10.2014, containing altogether 3 320 daily observations. 
The jumps in the exchange rates were identified using the non-parametric power-variation approach described in 
section 2.1. Specifically we used the shrinkage estimator according to equation (11) with the probability level 
0.99=Į , applied to the power-variation estimators calculated from 15 minute returns provided by 
ForexHistoryDatabase.com. The parameters of the Hawkes processes described in section 2.2. were estimated using 
maximum likelihood estimation performed numerically in Matlab. 
In Table 1 they are some basic statistics about the jumps identified in the 4 exchange rates using the method in 
equation (11) with probability level 0.99=Į . 
      Table 1. Basic statistics of the identified jumps on the probability level Į=0.99 
      Jump component     Squared jump component     
  Count Rate Mean St.Dev Skew Kurt Mean St.Dev Skew Kurt 
EUR/USD 640 0.193 0.0000156 0.0000205 5.263 44.651 0.0035 0.0018 2.227 11.037 
GBP/USD 539 0.162 0.0000141 0.0000195 3.962 22.7 0.0033 0.0018 2.154 8.864 
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USD/CHF 579 0.174 0.0000246 0.0001310 21.916 506.437 0.004 0.003 10.106 163.624 
USD/JPY 611 0.184 0.0000173 0.0000282 8.057 93.683 0.0037 0.002 2.915 18.371 
Source: authorial computation 
As can be seen from Table 1, the applied method identified hundreds of jumps in the analyzed time series, which 
is typical for the methods of jump identification using high-frequency returns as there seems to be a lot of jumps on 
the very high frequencies. 
A further interesting point is that the mean values of the squared jump components, which correspond to the 
mean absolute jump sizes (under the assumption that at most 1 jump can happen during any given day) are relatively 
low (i.e. below 0,5%). This is also to be expected when estimating jumps from the high-frequency returns. 
In the next step we estimated the parameters of the univariate Hawkes processes for all of the exchange rates 
separately, in order to find out if the jumps in the foreign exchange rates do exhibit any self-exciting properties. 
Table 2 shows the results. The values in the parentheses are the estimates of the standard errors inferred from the 
estimates of the Hessian of the log-likelihood function. 
Table 2. Parameter estimates for the univariate Hawkes processes 
  Theta   Beta   Gamma   
EUR/USD 0.1918 (0.0096) 0.9817 (0.0186) 0.0053 (0.0042) 
GBP/USD 0.1624 (0.0059) 0.4142 (0.2438) -0.0449 (0.0157) 
USD/CHF 0.1746 (0.0085) 0.9632 (0.0223) 0.0084 (0.0050) 
USD/JPY 0.184 (0.0101) 0.9684 (0.0126) 0.0106 (0.0045) 
Source: authorial computation 
From Table 2 it is apparent that all of the time series with the exception of GBP/USD do exhibit at least some 
tendency to a self-exciting behavior as the beta parameters are high (larger than 0.95, corresponding to a slow 
intensity decay) and the Gamma parameters are positive. Nevertheless for EUR/USD is the value of the gamma 
parameter statistically insignificant and even for USD/CHF is the significance rather weak (gamma is only about 1.5 
standard errors away from zero). The only currency pair for which there is some statistically significant jump 
clustering present is thus the USD/JPY pair (with gamma equal to 1.06%). 
An unexpected behavior is observed for the GBP/USD pair for which is the gamma parameter significantly 
negative and the parameter beta low, but still borderline statistically significant. So for this currency pair the 
intensity of jumps decreases in the day immediately after the jump occurrence (by 4.45%) and stays slightly 
decreased even on the following few days after the jump occurs (i.e. it exhibits an opposite behavior to jump 
clustering). 
From the values of the theta parameters we can again see that the jumps are relatively common in the time series, 
occurring on approximately every fifth or sixth day on average. 
In the next step a multivariate Hawkes process is used in order to examine the cross-exciting properties of the 
four exchange rate jump time series. The results are in Tables 3 and 4. 
Table 3. Estimates of the Theta vector and the Beta matrix diagonal of the multivariate Hawkes process 
  Theta vector Beta diagonal 
EUR/USD 0.1929 (0.0072) 0.5677 (0.1165) 
GBP/USD 0.1623 (0.0061) 0.3895 (0.2358) 
USD/CHF 0.1745 (0.0082) 0.967 (0.0131) 
USD/JPY 0.1844 (0.0100) 0.9649 (0.0147) 
Source: authorial computation 
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Table 4. Estimates of the Gamma matrix of the multivariate Hawkes process 
  Gamma matrix 
  EUR/USD   GBP/USD   USD/CHF   USD/JPY   
EUR/USD 0.0170 (0.0162) -0.0362 (0.0149) -0.0228 (0.0165) -0.0289 (0.0165) 
GBP/USD -0.0052 (0.0171) -0.0378 (0.0163) -0.0133 (0.0181) -0.0144 (0.0172) 
USD/CHF 0.0058 (0.0045) -0.0047 (0.0050) 0.0022 (0.0052) 0.0097 (0.0047) 
USD/JPY -0.0026 (0.0052) 0.0014 (0.0060) 0.0058 (0.0053) 0.0093 (0.0048) 
Source: authorial computation 
It can be seen from Table 3 that the betas for the EUR/USD and GBP/USD exchange rates are relatively low, 
which means that the potential self-exciting and cross-exciting effects for these two exchange rates are only 
extremely short-term. For the other two currency pairs are the betas high and thus consistent with the expected 
clustering behavior. 
From the rows in the Gamma matrix it is possible to see how the jump intensities for the different currencies 
(denoted in the first column) react to the lagged jumps in the other currencies (denoted in the headings of the 
columns). 
Looking at the first row it is apparent that the intensity of the EUR/USD exchange rate reacts positively only to 
the past jumps in EUR/USD itself and negatively to the jumps in all of the other exchange rates. The self-exciting 
parameter is however not significant, while the inverse cross-exciting parameters are more or less significant 
(especially in relation to GBP/USD).  
In the case of USD/GBP all of the gammas are negative, including the self-exciting one (GBP/USD), which is 
also the only one that is statistically significant. 
Different is the situation in the case of USD/CHF for which are most of the gammas positive, the only one that is 
significant is however the one associated with USD/JPY, indicating a cross-exciting behavior between the jumps in 
USD/JPY and the jump intensity of USD/CHF. 
Finally the USD/JPY rate has most of the associated gammas positive as well. Unfortunately all of the cross-
exciting parameters are insignificant and the only significant parameter is the self-exciting one. 
To sum the results of the analysis, the first two currency pairs (EUR/USD and GBP/USD) do not exhibit any 
positive cross-exciting behavior and the GBP/USD pair is not even positively self-exciting. On the contrary, the 
jump intensities for both of these pairs seem to decrease after a jump occurs in one of the 4 pairs, with the decrease 
being most significant in response to the jumps in GBP/USD. Nevertheless this effect is only short-term as the beta 
parameters for both of the aforementioned currency pairs are very low. 
In the case of the other two currency pairs (USD/GBP and USD/JPY) there seem to exist some positive self-
exciting and cross-exciting behavior with relatively long persistency as the beta parameters for both of these 
currency pairs are relatively close to one. Unfortunately most of the cross-exciting effects are not statistically 
significant. The two exceptions are associated with the past jumps in the JPY/USD rate to which the intensities of 
both of the rates (JPY/USD and CHF/USD) react positively. 
Overall the cross-exciting effects between the currencies seem to be relatively weak, not supporting the idea of 
any significant jump contagion. A possible explanation of these results might be that most of the identified jumps 
are just too small to cause any turmoil on the markets and the subsequent contagion effects. In order to test if this is 
so, we decided to pick up only the relatively "large jumps" and apply the model to them. The criterion for the jump 
component to be considered "large" was set so that the jump component of the quadratic variation is at least half as 
big as the unconditional mean of the continuous component of the quadratic variation (i.e. the estimated integrated 
variance according to equation 12).1 
 
 
1 Other criterions for the identification of "large jumps" were tested as well with similar results. 
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The basic statistics of the "large jumps" can be seen in Table 5. 
Table 5. Basic statistics of the "large jumps" estimated on probability level Į=0.99 
      Jump component     Squared jump component     
  Count Rate Mean St.Dev Skew Kurt Mean St.Dev Skew Kurt 
EUR/USD 127 0.038 0.0000432 0.0000332 3.334 17.58 0.0063 0.002 2.091 8.535 
GBP/USD 98 0.03 0.0000440 0.0000307 1.908 6.678 0.0063 0.002 1.319 4.159 
USD/CHF 135 0.041 0.0000723 0.0002660 10.735 120.641 0.007 0.0049 7.887 76.094 
USD/JPY 124 0.037 0.0000491 0.0000506 4.807 30.258 0.0066 0.0024 3.068 15.161 
Source: authorial computation 
 
From a comparison of the results in Table 5 with Table 1 it is apparent that the number of identified jumps in the 
time series decreased greatly (to about 1/5 of their original numbers) after the application of the size criterion. The 
mean jump size, on the other hand, slightly increased, but not that much, indicating that there was probably a lot of 
very small jumps in the original time series. Such small jumps lack potentially any economic significance (for most 
of the investors) and it may thus be understandable that they do not cause any contagion. 
Table 6 presents the parameter estimates of the univariate Hawkes processes applied to the "large jumps". 
 
Table 6. Parameters of the univariate Hawkes processes applied to the "large jumps" 
  Theta Beta Gamma 
EUR/USD 0.0369 (0.0040) 0.9736 (0.0105) 0.0147 (0.0036) 
GBP/USD 0.0275 (0.0057) 0.9807 (0.0063) 0.0127 (0.0048) 
USD/CHF 0.0402 (0.0070) 0.9588 (0.0124) 0.0208 (0.0078) 
USD/JPY 0.0359 (0.0084) 0.9901 (0.0037) 0.0066 (0.0024) 
Source: authorial computation 
From Table 6 it is apparent that all of the four time series exhibit a strong self-exciting behavior as the parameters 
beta are in all cases very close to one and the parameters gamma are positive and statistically significant. The 
strongest level of self-excitation after a jump occurrence is present in the case of the USD/CHF exchange rate 
(2.08%), whose changes in intensity are however the least persistent as it has the lowest beta (0.96). On the other 
hand the USD/JPY exchange rate exhibits the lowest level of self-excitation after a jump occurrence (only 0.66%) 
but its changes in jump intensity are the most persistent as the parameter beta is 0.99 which is close to the level of 
non-stationarity (i.e. 1). There generally appears to be some trade-off between the values of beta and gamma. 
Finally we applied the multivariate Hawkess process to the "large jump" time series. 
Table 7. Estimates of the Theta vector and Beta matrix diagonal of the multivariate Hawkes process applied to the large jumps 
  Theta vector Beta diagonal 
EUR/USD 0.036 (0.0059) 0.9745 (0.0082) 
GBP/USD 0.0267 (0.0067) 0.9803 (0.0073) 
USD/CHF 0.039 (0.0057) 0.9511 (0.0153) 
USD/JPY 0.0353 (0.0056) 0.9838 (0.0075) 
Source: authorial computation 
Table 8. Estimates of the Gamma matrix of the multivariate Hawkes process applied to the large jumps 
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  Gamma matrix 
  EUR/USD   GBP/USD   USD/CHF   USD/JPY   
EUR/USD 0.0051 (0.0051) 0.0075 (0.0047) 0.0074 (0.0037) -0.0008 (0.0038) 
GBP/USD 0.0018 (0.0033) 0.0082 (0.0043) -0.0001 (0.0021) 0.0051 (0.0033) 
USD/CHF 0.0066 (0.0077) -0.0009 (0.0064) 0.0159 (0.0064) 0.0132 (0.0065) 
USD/JPY 0.0022 (0.0036) 0.0079 (0.0053) -0.0033 (0.0020) 0.0015 (0.0035) 
Source: authorial computation 
A good sign in is that the Gamma matrix contains only several negative parameter values and even the ones 
which are negative are in all of the cases statistically insignificant. 
Considering the major self-exciting and cross-exciting relationships we can see that the EUR/USD exchange rate 
significantly cross-excites in response to the jumps in USD/CHF and slightly insignificantly cross-excites in 
response to the jumps in GBP/USD. 
GBP/USD is significantly self-exciting and slightly insignificantly cross-exciting with USD/JPY, with 
insignificant reactions to the jumps in the other exchange rates. 
USD/CHF is significantly self-exciting and significantly cross-exciting in a response to the jumps in USD/JPY. 
Its remaining two cross-exciting parameters are insignificant. 
Finally the USD/JPY exchange rate does not exhibit any statistically significant self- or cross-exciting behavior 
with the strongest possible tendency being a slightly cross-exciting response to the jumps in GBP/USD. 
Considering the results from both of the analyses (for all the jumps as well as for the "large jumps") it seems that 
the strongest cross-exciting relationship is between the intensity of USD/CHF and the previous jumps in USD/JPY. 
A possible reason for this relationship might be the fact that both of the currencies (CHF and JPY) are considered to 
be safe havens, so the shocks into the JPY may potentially cause some capital flows into the CHF. This hypothesis 
would however have to be further examined. 
5. Conclusion 
The study analyzed the self-exciting (clustering) and the cross-exciting (contagion) effects in the time series of 4 
major currency exchange rates. The analysis was performed by applying the univariate a multivariate Hawkes 
processes to the time series of the jumps identified in the four exchange rates non-parametrically using power-
variation estimators calculated from high-frequency returns (15 minute returns were used).  
Using univariate Hawkes processes and the time series of the "large jumps", the study discovered a strong 
evidence for the existence of a statistically significant self-exciting (i.e. clustering) behavior in all of the analyzed 
time series.  
If all of the jumps are used (even the small ones) the self-exciting behavior is statistically significant only for the 
USD/CHF and USD/JPY exchange rates, insignificant for the EUR/USD exchange rate and has opposite tendencies 
(i.e. decreasing probability of future jumps after a jump occurrence) for the GBP/USD exchange rate. 
Considering the multivariate analysis and the cross-exciting effects, a relatively weak evidence for their presence 
was found even in the case of the "large jumps". Among the several statistically significant cross-exciting 
relationships the strongest one seems to exist between the jumps in USD/JPY and the subsequent jump intensity of 
USD/CHF. Another significant relationship has been found between the jumps in USD/CHF and the intensity of 
EUR/USD. 
In the future research it is possible to focus attention on the intraday self-exciting and cross-exciting effects 
which are expected to be much stronger that the effects observed on the daily frequency. Additionally it might be 
useful to incorporate the relationship between the size of the jumps and the amount of self-excitation directly into 
the estimated time series model. 
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